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Abstract-Within the CQnte~t of the small-strain approach. combined mode I, II and III near·tip
fields of stationary cracks in power-law hardening materials are investigated. We use a finite element
technique to obtain asymptotic angular stress solutions for combined mode I and II perturbed from
mode Ill. These perlurbation solutions with the same stress singularities as those of pure mode III
arc pn:sented for different hardcning materials. Tht: perturbation results furtht:r suggest that the
(lrder llf crack-tip stress singularities varies smoothly with ch<lnging mode mi~ity. Wt: also employ
full-fidd linite element computations to study the sm<lll-sc<lle yielding ncar-tip fields for seveml
comoinations of prescrib<:d remote mooe I, II and III clastic K fields. These solutions verify <In
interesting pattern which agrees with the previous solutions for comoined mode I ,ilId III IO<lding
,IS well as those for comoined mllde II and III 10<lding; well within the pl<lstic zone. under ne<lr
mode I mi~ed-l11(lde loadings. the in-pl<lne str~'Sses ;Ire slightly more singul<lr th<ln r- !il" IJ while
the out-of-plane she,lr stresses arc slightly less singul'lr th<ln r I,(n' IJ. where r is the r<ldi<ll dist'lnce
to the tip <lnd 11 is the strain h<lrdening e~ponent of the m<lteri<ll. To e~plain the eomple~ b<:h<lvior
Ilf the ne<lr-tip stresses. we introduce ;In effective in-pl<llle shear stress and ,ill efli:etive out-of-plane
shear stress to quantify the in-plane ;lnd out-of-plane plastic shear at different orientations in a
consist.:ntmanner. Th.: full·lield slliutions also corroborate the observation that the singularities of
the in-plane str.:ss.:s and th.: out·of·plane shear str.:ss.:s vary smoothly with mode mi~ity.

l. INTRODUCTION

Asymptotic plane-strain and plane-stress crack-tip stress and strain fIelds for power-law
hardening materials and perfectly plastic materials have been obtained under pure mode I
and pun: mode II conditions (Hutchinson. 196841. b; Rice and Rosengren. 1968; Rice.
1%841) and under pure mode 111 conditions (Rice. 1968b). However. cracks in typical
engineering structures are generally subject to combined mode I. f[ and III loading. Under
combined mode r and I[ conditions the asymptotic crack-tip stress and strain fields for
power-law hardening materiuls and perfectly plastic materials have been presented by Shih
(1973. 11)74). The results of Shih's full-field finite element computations indicate that within
the plastic zone the mode [ opening stress ahead of the tip is enhanced due to material
plasticity. Further investigutions of the material elasticity effects on combined mode I and
II crack-tip fields for perfectly plastic materials can be found in Nemat-Nasser and Obata
(1984). Saka c( al. (1986) and Dong and Pan (1990a. b,c).

Within the small-scale yielding formulation, Pan and Shih (1990a, b) have obtained
the ncar-tip fields by finite clement methods under remote combined mode rand HI K fields
and under remote combined mode 1I and HI K fields. Under combined mode r and HI
conditions the in-plane stresses well within the plastic zone are more singular than the HRR
singularity while the out-of-plane shear stresses arc less singular than the HRR singularity.
In contrast. undcr combined mode II and 111 conditions, the in-plane stresses within the
plastic zone arc slightly less singular than the HRR singularity while the out-of-plane shear
stresses arc more singular than the H RR singularity. The qualitative nature and quantitative
computational results of the angular and radial variations of both the in-plane stresses and
the out-of-plane shear stresses agree well with those of the perturbation analysis of Pan
(1990). This suggests that the perturbation analysis can clarify the nature of the crack-tip
singularity under combined in-plane and out-of-plane shear loading conditions. It should
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be noted that the separable stress function assumption for both in-plane and out-of-plane
shear stresses in Pan (1990) are only valid when either the in-plane loading or the out-of­
plane shear loading is smaller than the other. as shown in the finite element solutions of
Pan and Shih (l990a, b) for their particular mode mixtures.

Based on the work by Pan and Shih ( 1990a, b) and Pan (1990), we make these
observations regarding the structure of the combined mode L II and III near-tip fields:
under near mode I loading conditions the in-plane stresses should have a singularity stronger
than that of the out-of-plane shear stresses, and under near mode II loading conditions the
in-plane stresses should have a singularity weaker than that of the out-of-plane shear
stresses. This leads to a question of the existence of the same singularity for both the in­
plane stresses and the out-of-plane shear stresses asymptotically at the tip. The singularity
must be the HRR singularity according to the J integral argument of Rice (1968) and Rice
and Rosengren (1968). In this paper we investigate the asymptotic structure of crack -tip
fields under combined mode I. II and III and attempt to answer the question of existence
of the HRR singularity under combined mode I. II and III loading conditions by a
perturbation analysis and full-field finite element computations.

We begin by reviewing an asymptotic analysis of combined mode I and II crack-tip
fields perturbed from pure mode II I as in Pan (1990). This leads to the tirst-order perturbed
stress-strain relation for use in a tinite element technique (Symington cf al., 1990) to obtain
the solutions of the perturbed crack-tip fields. Perturbed combined mode I and II solutions
with the HRR singularity arc pn:sented for ditkrent hardening e,xponents. These solutions
yield the exact mode mixities where the in-plane stresses and the out-of-plane shear stresses
have the same HRR singularity. Furthermore, the perturbation solutions suggest that the
relative singularities of in-plane stresses to the out-of-plane shear stresses depend on mode
mixity, Next we discuss several combined mode I. II and [I I full-field tinite element solu tions
obtained under small-scale yiclding conditions. These small-scale yielding solutions not
only indicate that the crack-tip singularities for certain mixities of mode r. II and II I arc
very dose to the HRR singularity. but also point to some complex behavior of in-plane
stresses under ncar mode I loading due to the dominant nature of mode I loading and
plasticity, Finally we introduce an clrective In-plane shear stress and an cl1'l:ctiVt: out-of­
plane shear stress to quantify the in-plane and out-of-plane plastic shear at dilkrent
orientations in a consistent manner.

2. HUTCHINSON-RICE-ROSENGREN (HRR) CRACK-TIP FIELDS

To describe the elastic-plastic behavior of the materials we consider here, we use the
Ramberg-Osgood law, which is widely employed for fitting uniaxial tensik stress-strain
relations:

(l)

where I: is the tensile strain, (j is the tensile stress, 1;0 and (jo arc the reference strain and
reference stress (we take 1: 0 = (jo/£ where £ is Young's modulus), :J. is a material constant
and n is the hardening exponent. A generalization of eqn (I) gives the strains 1;'1 written as
th~ sum of an clastic part I:~J and a volume-preserving plastic part I::;:

(2)

The terms in (2) arc given by

<
[:,/

(3)
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where \' is Poisson's ratio. s'J (= (1,,-1(1ub,) are the deviatoric stresses. and (1c [= (3sijs,)2) I l
is the effective stress.

We consider a crack in a Ramberg-Osgood solid. as shown in Fig. I. where rand e
are the polar coordinates centered at the crack tip. As r approaches O. the linear elastic part
of the strain is negligible compared to the plastic pan. The asymptotic crack-tip stress,
strain and displacement fields can then be expressed as (Hutchinson, 1968a. b; Rice and
Rosengren. 1968: Rice, 1968b; Shih. 1973. 1974)

(
J )1 In+ I)

a'j = ao--/- aiJ(O;n.Af).
!Xa 01: 0 r

(
J )n (n+ I)

II; - ii, = !:tl:or --.-j- Ii, (0; n. M).
!:taol:o r

(4)

where the dimensionless constant / and the dimensionless angular functions aiJ' lij' and Ii;
depend upon the hardening exponent n ; the state of plane-strain. plane-stress or anti-plane
deformation; and the mode parameter tv! (mode I. mode II. mixed-mode I and II. or mode
III). The constants II; allow for a possible rigid body motion of the crack tip itself. The J
integral (Rice. 1968a) in eqn (4) represents the amplitude of the singular crack-tip stress
and strain fields. Recent studies of the asymptotic crack-tip fields for power-law hardening
orthotropic materials and for power-law hardening pressure-sensitive dilatant materials
show the same type of functional forms as egn (4) for the asymptotic crack-tip fields (Pan
and Shih. 1986. 1988; Liand Pan. 1990a.b).

Under combined mode I. II and III conditions. eqn (4) may not accurately represent
the fields within physically reasonable: radial distances to the tip for all mode mixtures since
in general the relative singularities of the in-plane stresses and the out-of-plane shear stresses
depend on the radial dist:!l1l:e r to the tip. For the convenience of quantification. three
plastic mixity factors AI ~l (r). M ~I (r) and ,1,1 ~ z(r) can be defined from the ratios of the in­
plane opening stress (100. the in-plane shear stress a,o. and the out-of-plane shear stress (10,

at a dist.wce r ahead of the tip as

2 I [aooCr. () = O)J
M~J(r) = - tan - -----.

1! (1o,(r. () = 0)

:< (x 1)

(5)

Fig. I. A crack subjected to combined mode I, " and III elastic K fields along the circumferential
boundary.
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(6)

and

(7)

Here r is smaller than the smallest radial extent of the plastic zone. Thus. when both Ali 1

and JI~, equal O. we have pure mode III crack-tip fields. Under pure in-plane loading
conditions. both M~, and Jf~, equal!. We need only the mixity factor MUr) (Shih. 197:\.
1974) to specify the mixed mode I and II crack-tip field. The asymptotic crack-tip tields
exist under in-plane mixed-mode conditions (Shih. 197:\. 1974): an asymptotic value of
JlL(r) as r approaches 0 (within a physically reasonable radial distance to the tip) can be
found under small-scale yielding. The values of ;\on ,(r) .HS,(r) and .tn err) range between
I and 0 for combined mode r. II and III ncar-tip flelds. Note that only two of the three
mode mixities are needed to specify a combined mode r. II and III crack-tip field at a given
radial distance r.

J. PERTURBATION "",,\LYSIS ""D RESULTS

[n this section. the perturbation analysis of Pan (Il)l)()) which 1c;lds to thl: I:ssl:ntial
information for the modification of Symington ('( uf. 's (!l)l)()) finite t.:!ement method for
calculation of the perturbed asymptotic crack-tip fiekls is brielly discussed. Thl: in-planc
stress function 1/) and the out-or-plane stress function ,~ arc ;lssumed in separable forms as
in Pan (Il)l)()) :

and

('I)

where 1\. L . .I' and (are constants. and 1$(0) and ,fUi) are functions of their argument II for
a given power-law hardening material. The stn:sses derived from the stress functions al'l:

I\r' ·-
IT" = - (J rr'

I\r' ·-
(JI/I} = -ai/Uo

I\r' ·-(j {II = -a rn •

IT ,; = Lr' '17,,' .

(11/:- = Lr' 2arl :. ( I ())

where

17" = .\($ + ($".

a"" = .1'(.1' - 1)</;.

(i", = (I - f),~. ( 1\ )

Here ( ). represents (l( )!I'O. Note that for a given power-law harlkning material. 17,.. iT"II.
and a," arc functions of II and s. and a" and (ill: arc functions of (I and I. As shown in
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Hutchinson (1968a, b), Rice and Rosengren (1968), Shih (1973. 1974) and Rice (1968b).
the value of sand tis

2n+ I
s=t=-­

n+1
( 12)

for either pure in-plane modes (mode I. mode If and combined mode I and II) or a pure
out-of-plane shear mode (mode III). When we seek solutions of the singular crack-tip
fields of the forms (10) and (II) under combined in-plane and out-of-plane shear loading
conditions. the values of sand t in general are assumed to be different. Since we are seeking
singular solutions in the immediate vicinity of the crack tip. we are interested in the solutions
with both sand t being less than 2. As r approaches 0, the in-plane mode will dominate for
s < t whereas the out-of-plane shear mode will dominate for t < s. Remember that the
assumptions of (8) and (9) are approximately valid when either the in-plane mode or the
out-of-plane shear mode is smaller than the other for the mode mixtures investigated by
Pan and Shih (1990a. b).

The coupling of the in-plane plastic deformation and out-of-plane shear plastic defor­
mation is through the effective stress (1< in the constitutive equation (3). The effective stress
(1< in the cylindrical coordinate system is expressed as

( 13)

Substituting (10) into (13) gives

( 14)

where

( 15)

and

( 16)

Note that S. and t. are functions of V for a given II. More importantly, since we assume
that s is not equal to t. (J. cannot be expressed as a separable function of rand O. such as
those stresses in (10). We can define the maximum magnitude of the V-variations Sc and T<
to be unity. Then K and L represent the singularity amplitudes of the in-plane stresses and
the out-of-plane shear stresses, respectively.

It is possible that the values ofs and t are equal to each other for certain mode mixities.
When s = t the asymptotic governing equations can be derived and then supposedly solved
by the shooting method. However. the shooting method will be cumbersome and difficult
for solving this class of problems with homogeneous stress-free boundary conditions as
discussed in Shih (1973. 1974), especially for combined mode I. II and III problems. It is
also possible that we try to solve for perturbed mode III crack-tip fields from combined
mode I and II solutions. However. the simplest task is to solve for perturbed combined
mode I and II crack-tip fields from mode II I since closed-form mode II I crack-tip stress
solutions exist (Rice. 1968b). Therefore we consider the cases where the contribution of the
in-plane stresses to the effective stress is smaller than that of the out-of-plane shear stresses
(or KIL« I). Equation (14) can be rewritten as

( 17)

where if. is now defined as

( 18)
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As shown in the finite element computations of Pan and Shih (1990a, b), the singularities
of the crack-tip in-plane stresses and out-of-plane shear stresses usually differ only slightly.
Therefore, 5-t in (18) can be assumed to be a small number. For small " ,:11-') in (18)
becomes finite and has an order of unity. Therefore, Be does have a weak dependence on ,.
Then, (K/ L): determines the order of magnitude of the second term on the riaht-hand side

- e
of (18). Note that (K'L): ,:1<-11 represents a mixity factor of the in-plane mode and the out-
of-plane shear mode.

The strains can be expressed as

. - v(~) nl' - :1-,,-, -n- 11.( - -)
£" - J. L r U e 2 (Jrr-Gf)tJ '

(19)

where

(20)

Under pure mode III conditions. the dosed-form stress solutions given by Rice (1968b)
arc

where

'r = [" + I SIO 217 JI In til

2/1 SIO ()

[
"- I ]2r/=V+sin I sinO.
n+l

(21 )

(22)

Note that Tc(O) = I and the value of t equals the HRR value for pure mode Ill.
When we consider the asymptotic combined mode I and II crack-tip fields perturbed

from mode Ill, the lowest order relation between the normalized in-plane strains 1\ and the
normalized in-plane stresses a'i in matrix form is

1
i:u j (I -I 0) lBuj
~:~" = l t~ I - I 1 0 ~IIII'
_1',11 0 0 4 (J,o

(23)

Note that to is a function of () for a given power-law hardening material. Equation (23) is
the essential input for employing Symington t!t al.'s (1990) finite clement method to solve
for the perturbed asymptotic crack-tip fIelds.

Symington et al. (( 990) constructed a finite element method for computing the angular
variation of asymptotic singular crack-tip stresses and strains. In their formulation the
asymptotic stress and strain fields must be of a separable form in polar coordinates. The
radial dependence of stresses and strains is assumed to be known. Their finite element
method is based on a weak form of the compatibility equation with the homogeneous
boundary conditions at the stress-free crack faces. We adopt their method to calculate the
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perturbed crack-tip fields. Here we only present the necessary modification of their finite
element method in eqn (23) for the present perturbation problem. Interested readers are
referred to Symington et al. (1990) for the detailed finite element formulation. Under
combined mode I and II loading. the stress and strain singularities [denoted by fJ and p in
Symington et al. (1990)] are known from the J integral argument by Rice (1968b) and
Symington et al. (1990) actually solved a system of nonlinear equations using the Newton­
Raphson method.

For the present perturbation problem. the compliance matrix between the normalized
in-plane strains €ij and the normalized in-plane stresses all in eqn (23) is a function of the
angular location e only. Here. (J:::: 2-5 and p = t-5-n(t-2) where the value of t of
unperturbed pure mode III is the HRR value. The value of 5 depends upon the in-plane
mode mixity. Inversely. the in-plane mode mixity depends upon the value of s. If a value
ofs is given. then the system of governing equations based on the formulation ofSymington
et af. (1990) with eqns (23) becomes linear and no iteration is required to solve for the
angular variation of the perturbed asymptotic crack-tip fields. In other words. for a given
value of s. the finite element computation will result in an angular variation of stresses with
a mode mixity evaluted at II :::: O.

The finite element model of the domain from -1! to 1! is constructed by 360 2-node
elements with Hermitian interpolation functions. Discussions of the mesh refinement on
computational results can be found in Symington et al. (1990). The values of s for input
to the finite clement calculations were selected from the solutions of perturbed mode I and
mode II by Pan (1990). The finite element results agree well with those obtained by the
shooting method. Next we used values of s between those for perturbed mode I and mode
II. For these values of s we obtained solutions with the mode mixity factors M~2 ranging
from I for perturbed mode I and 0 for perturbed mode II. In the interest of space we present
the combined mode I and II solutions with the I-IRR singularity for n :::: 3 and 11 :::: 10 in
Fig. 2. The values of MI;! for the perturhed crack-tip fields with the H RR singularity shown
in Fig. 2 are 0.56 and 0.46 for fl:::: J and fl == 10. respectively. The value of M~! for the
perturhed crack-tip fields with the HRR singularity is lUX for fl == 20. Ohserve that the
mode mixity for the perturbed era<:k-tip tield with the HRR singularity decreases with the
in<:rease of the hardening exponent n. This is qualitatively in agreement with the general
trend that the enhancement of the in-plane opening stress increases with the increase of fl

under both combined mode I and II conditions and combined mode I and III conditions.
Note that if" at ISO' and -180' has the same magnitude. A simple perturbation of the
analysis in Budiansky and Rice (1973) can indicate that the perturbed radial stresses at the
stress-free crack faces must have the same magnitude but not necessarily the same sign.

4. SMALL·SCALE YIELDING COMPUTATIONAL MODEL

We consider the small-scale yidding problem depicted in Fig. [. where a crack in a
circular dom'lin is shown. Along the remote circular boundary. displacement fields based
on the mode I. and II and HI asymptotic crack-tip solutions for linear elastic materials are
applied. The in-plane displacements iiI (i == l. 2) and the out-or-plane displacement u) are
prescribed as

and

I' ( )1' 1-' ( )1'1'-1 r - I 1'-1l r - II
U = --- ii (O \.) + -- -- Ii (0 \.)

I 2G 21! I' 2G 2rr f"

K
( )

1"
III r '--III

liJ==2G 2It li3(O).

(24)

(25)

where G represents the shear modulus. and Kf , Kll and Klil represent the far-field mode 1.
(( and III stress intensity factors. respectively. The dimensionless functions U~(O. v).

$AS 29:22-H



2Sl):! J P...~ and C. F. SHIH

2.0

1.~
17"

0"3

• 1.0
•
f

0.5;;
~ fa)
" 0.0.!!..e -0.5..
0z: -1.0 ~rr

-1.5 Mi2 = 0.56

-2.0
-180 -120 -60 0 60 120 180

9

1.5

1.0

••
f o.~

u;

S 0.0
.,
E -o.~
0
Z

-1.0

-1.5
-180 -120 -60 o

9

60 120 180

(1))

Fig. 2. The normalized ;lIlgular stress functions ofcombined mode I and II with the HRR singularity
(perturbed from mode III) for (a) " = 3. and (h) " = 10.

ii)I (0, v) and iil;'(Ii) are the well-known linear elastic asymptotic displacement solutions
[for example. see Kanninen and Popelar (1985)].

The elastic far-lield is completely specilied by the three stress intensity factors, KI • KII

and Kill (recall that the angular functions li~(V. v), li)I(O. v) and lil;I(V) are known). Alter­
natively, we can use another set of three parameters. the J integral and two elastic mixity
factors. to specify the elastic far-field. The J integral is related to K\. KII and Kill by

(26)

The elastic mixity factors M~J and "'f l .1 related to the mixity of the in-plane modes and the
out-of-plane she,tr mode for the small-scale yielding formulation are defined as

and

-,
M~ \ = tan

It
(27)

c 2. I [. (j,II (
0= 0) ] 2 - I [KII ]AI'1 = - tan lim ..._._~... = .. tan --;-.

- It , .• , 0"(1;(0 = 0) It Kill
(28)
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According to eqns (27) and (28). l\-[~ J and M1J equal 0 for pure mode m. When both
M~ J and JI}J equal l. a mixity factor M~ 2 (Shih. 1973) is required to describe the combined
mode I and II crack-tip field.

J

Jnz = =tan
1t

1 [I' 0'",,(0 = O)J 2 -I [KIJ1m ---- = tan--
r-<:O'rl'(O=O) 1t KII '

(29)

The values of M~J' JI~J and M'I2 lie between I and 0 for any combination of mode I. II
and III loadings. In fact. only two mixity factors are needed to fully describe a mixture of
three modes. For a combination involving only two modes. a single mode mixity suffices
to quantify the mode mixture. Note that these mixity factors are defined in terms of the
relative contributions of the in-plane opening stress. the in-plane shear stress. and the out­
of-plane shear stress ahead of the tip. Under small-scale yielding conditions. they can be
expressed as functions of the ratios of the stress intensity factors as in (27)-(29).

The finite element model of the circular domain is constructed using 9-node quadri­
lateral Lagrangian elements. Wedge-shaped 9-node clements are used in the immediate
crack-tip region. The size of the wedge-shaped elements in the radial direction is denoted
as r,. These elements are surrounded by circular strips of clements; four strips of elements
span each decade of rJro• where rn denotes the radius of the circle as shown in Fig. I. We
take r,irn = 10· 7 in this investigation. Therefore. 28 strips of elements. which arc generated
by a logarithmic scale. span the domain between ,Ir" = 10 1 and rlr ll = l. Within each
strip. the angular distance from -1t t(l 1t is spanned by 20 clements of equal size. Therefore.
the total number of clements is 580.

The finite element formulation /"{)r this work will be discussed only brielly here. The
H-llar method (Hughes. 1980) is used to construct the strain displacement matrix of our
t)-node quadrilateral Lagrangian dements. This method alleviates the poor performance of
our quadrilateral Lagrangian clements in the fully plastic range (Nagh:gaal £'1 al.. 1974).
In this study. we employed the parameter tracking method (Shih and Needleman. 1984).
We begin hy obtaining the linear dastic solution at a load. This solution is thl.:'n used as the
initial estimatl.:' in the iteration It)r a mildly nonlinear problem with. say. II = 2. We then
use the convergent solution for the mildly nonlinear problem as the initial estimate for a
more nonlinear problem. In this manner. solutions can be obtained lor high-hardening to
low-hardening materials. Generally speaking. after four to five iterations. a convergent
solution. with a Eudidc,lll error norm of about lOt'. for a slightly lower hardening solution
is obtained from a slightly higher one.

5. SMALL·SCALE YIELDING NUMERICAL RESULTS

Under combined mode I, II and III loading conditions. thc in-plane stresses and out­
of-plane shear stresses within the plastic zone are coupled through the effective stress in the
plastic stress-strain relations. We have systematically examined the effect of this coupling
on near-tip fidds. To elucidate the rather complicated nature of the ncar-tip fields for a
complete range of combined-mode loadings, numerical solutions must he presented in an
appropriately normalized form. To this end. deformation plasticity solutions for a number
of combin~ilionsof mode I. If. and III and lor hardening exponents II in the range 1-10 are
obwined. In these computations, we set v = 0.3 and (X = 0.1. Our finite clement solutions
produced the correct H RR singularities. namely r - 1;<". I'. for the special cases of pure mode
l. pure mode If. pure mode III and combined mode I and II remote loadings. For the linear

clastic problems. the numerical solutions produced the precise clastic IIJr singularity and
the <Issociated angular functions for various comhin<ltions of mode l. If and III loadings.
Furthermore. for each of the convergent solutions. our J valucs. ,IS calculated by the dom;in
integral method (Li ct al.. 1985; Shih cl al.. 1986; Moran and Shih. 1987) for each of the
circular strips, ditTered by less than I% from the prescribed value as determined by (16).
The path-independence of the computed J values and the excellent agreement with (26)
attest to the quality of our finite element solutions.
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By the process of parameter tracking. we have obtained solutions for the full range
of n values (I ~ n ~ 10) and various mixtures of mode I. II and II I. To examine the depen­
dence of the near-tip stresses on the radial distance r (;H fixed ti). we plot the normal­
ized stresses as functions of the normalized radial distance to the tip using a log~log

scale. The numerically determined stresses are divided by the HRR singularity such that
ii'l = v" [VI)(1 lvq£i)r) I In- II]. The radial distance is m1rm:ilized by the length of the plastic
zone. rc' at the angle of interest. To examine the angular variatIons of the near-tip stress
fields. we plot the normalized stresses rl, (in the r. tI :md :: co\)rdinates) as functions of tI
at a radial distance of r r p :::: 10 '. For each problem analysed. the magnitude of the far­
field displacement field is chosen so that the maximum extent of the plastic zone (as a
function of 0) is no more than 10% of r" Thus the stresses deep within the plastic zone can
be investigated under the small-scale yielding conditi\)ns.

In the interest of space. only solutions for II = ~ and 10 and for remote displacement
boundary conditions corresponding to three modt: mixities art: presenkd. We select the
three representative cases where the out-of-plane shear t:ontribution and the in-plane con­
tribution to tht: remote K tldds t:an bt: said to be t:q ual to t:ach other. Spt:cifically. we define
an equivalent in-plane K parameter. i\ = (Ki + Kil) I :. The three representative cases have
K/ Kill = I. The in-plane mixity factors .\r~: of tht: thrt:t: GISt:S art: varit:d. Tht:y an:: 0.83.
0.5 and 0.17. whit:h reprt:sent (':II/KI = n.27. KILf':1 = I and KI.!\'!1 = 0.27. respectively. The
thret: t::lastic mixity factors for Cast: I an: ,\['1: = ll.S3. J[C;, = 0,49 and .\r~ 1 = 0.16. Tht:
dastic mixity factors for Cast: 2 art: .\{~: = n.s..\[~ I = 0..19 and ,\{~\ = 0.39. Tht.: elastit:
mixity factors for Cast: 3 art.: .\[~: = n.17. .W; \ = n.16 and Jr~ I = 0,49.

Figurt.:s 35 show lht: norm;di/t:d ill-pLlllt: slrt:sst:s rl". 17.,. and rT". lht.: normalizt:d
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effective stress rJc , and the normalized out-of-plane shear stress rJy : at 0 = - 9-' as functions
of rlrp in a log-log scale for Case I, 2 and 3, respectively. In Figs 3-5, outside of the plastic
zone [log (rlrp) > 0], the variation of the stresses with the radial distance is in agreement
with the elastic singularity. In general, in Figs 3-5, as rlrp decreases within the plastic zone,
the stresses tend to level otT. Since the numerically determined stresses are normalized by
the H RR singularity, the levelling-off means the radial variation of the stresses is in accord
with the HRR singularity. However, depending upon the mode mixity, the singularities of
the stresses may be slightly different from the H RR singularity. In general, the in-plane
stresses are more singular than the HRR singularity and the out-of-plane shear stresses are
less singular than the HRR singularity when near mode I loading conditions prevail. This
effect decreases as the mode II contribution increases.

Figure 3 shows the results for Case I where the remote loading has a small mode II
contribution and is close to combined mode I and III conditions. The trends of the stress
singularities C'IO be seen more clearly for 11 = lain Fig. 3b. Deep within the plastic zones,
the singularities of the in-plane stresses Bn' iTn and iT" are slightly stronger than the HRR
singularity and the singularity of the out-of-plane shear stress By: is slightly weaker than
the HRR singularity. However, there is a complicating factor in addition to the coupling
effect of the in-plane and out-of-plane shear plastic deformation. Specifically, the asymptotic
value of ,lyf~ z is larger than the value of M~ z under in-plane mixed-mode conditions (Shih,
1973. 1974). This means that as r decreases. material plasticity enhances the in-plane
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opt.:nillg strt.:ss rdative to tht.: in-plant.: shear strt.:ss aht.:ad of tht.: tip. This d1i:t.:t is mort.:
pronount.:ed for low-hardening materials. Ht.:re, as r/rp det.:reases. B". for /I = 3 dt.:crt.:ases in
Fig. 3a. and BII for /I = 10 also decreases initially in Fig. 3b. But as r,lrp further decreases,
B", for tl = 3 tends to kvd all' in Fig. 3a while B". for /I = I0 increases in Fig. 3b. This can
be explained by the stronger enhant.:ement of the dominant mode I etfects by the presence
of mode III loading. Also, low hardening enhances this coupling effect as shown by the
larger decrease of B,: for /I = 10 in Fig. 3b in comparison with that of B,.: for tl = 3 in Fig.
3a as r/ rp decreases.

Solutions for Case 2. where the mode II contribution to the loading is more than that
of Case I arc shown in Fig. 4. All the stresses seem to lcvd all' to approach the H RR
singularity as rlrp decreases. However, when we examine the results closely, we lind that
the singularity of the in-plane shear stress is slightly weaker than the HRR singularity.
Figure 5 shows the results for Cast.: 3 where the remote loading has a small mode I
contribution and is dose to combined mode II and III conditions. In this case, all the
stresses seem to level ofr to approach the H RR singularity as rlrp decreases. However. when
we examine the results closely. we lind that the singularity of the in-plane shear stress is
slightly weaker than the H R R singularity and the singularity of the out-of-plane shear stress
is slightly strongt:r than the HRR singularity. This trend agrees with that under combined
mode II and III conditions.

Figures 6--8 show the normalized stresss 6" at about r/rp ~ 10. 1 as functions of D for
Case I. 2 and 3, respectively. As shown in these fIgures, and out-of-plane shear stresses 6"
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and au: do not have the anti-symmetry with respel.:t to the l.:ral.:k line due to the coupling
etl"cct of the in-plane and out-of-plane shear plastil.: deformation under asymmetric in-plane
loading conditions. Further, these tigures show that the elevation of the triaxiality for low­
hardening materials (with large n) due to plasticity is higher under near mode I mixed­
mode loading conditions. When we compare the angular functions of the in-plane stresses
in Figs 6-8 with Fig. 2. we find that the angular functions in Fig. 7a for n = 3 with
M~ 2 = 0.51 are similar to those in Fig. 2a for n = 3 with M~ ~ = 0.56. Also, the angular
functions in Fig. 8b for n = 10 with JH~2 = 0.33 are close to those in Fig. 2b for n = 10
with M~ 2 = 0.46. These plastic mixity factors are obtained from the stresses at {) = 0, which
are interpolated from the tinite element results at Gauss points. Under the condition that
the values of M~ 2 are nearly in accord, the qu..llitative agreement between the angular
functions of the full-field finite clement results (at a radial distance with a near H RR
singularity) and the perturbation solutions with the HRR singularity attests to the quality
of both finite dement computations. It also provides support for the utility of perturbation
analysis to this class of problems to predict the singular behavior of in-plane stresses and
out-of-plane shear stresses.

The elastic mixity factors for Case I are M~ ~ = 0.83. M~ 3 = 0.49 and AI'!3 = 0.16. At
about rlrp ::::: 10- 3

• the plastic mixity factors are M~~ = 0.89, M~J = 0.62 and M~J = 0.17
for n = 3 and M~2 = 0.93. M~J = 0.74 and M~, = 0.16 for 1/ = 10. At about rlrp ::::: 10- 5,

the plastic mixity factors arc M~ 2 = 0.90. M~ J = 0.66 and M~3 = 0.17 for n = 3 and
M~2 = 0.94. M~J = 0.79 and JH~J = 0.17 for 1/ = 10. These trends of the plastic mixity
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factors continue at a smaller r/rp• The trends for the three cases are essentially similar: the
plastic mixity factors M~ 1 and Al~ J increase as rl rp decreases. This effect is more evident
for near mode I loading and for low-hardening materials (with large n). The trend of the
plastic mixity factor iVf~J as a function of rlrp depends upon the competition of the
strengthening of the in-plunc mode due to the presence of mode I loading and the weakening
of the in-plane mode due to the increase of mode II contribution. Low-hardening und near
mode I loading promote an increase of AI~3 as rlrp decreases. On the contrary, as the mode
II contribution increases, as in Case 3, the plastic mixity factor .\f~) slightly decreases as
rlrp decreases. As we continue to investigate the radial variation of the stresses to very small
and physically unreasonable radial distances at r/rp ;::: IO-~ for tht: three cases by using a
very refined mesh, the results show that M~ 1 and M~ ) increases as r/r p decreases. This
suggests that the mode mixtures in Cases 2 and 3 do not have the mathematically exact
HRR singularity.

Plastic ::Uf/C.I'

Figures 9a, b show tht: plastic zone sizt:s and shapes for the three cases in the normalized
coordinates.i.' ( = :lf7\~JE) and.i' ( = ya~!JE) for 11 = 3 and 10. respectively. The normalized
plastic zones for the thrt:t: cases exhibit no symmetry with respect to the crack line: this is
similar to those under combined mode I and II conditions but in contrast to those under
pure mode I. pure mode II. pure mode III. combined mode I and III and combined mode
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II and III conditions. As the mode II contribution increases, the plastic zone becomes
increasingly symmetrical with respect to the crack line. The plastic zone shifts ahead of the
crack as the hardening exponent n increases. This trend agrees well with those of the pure
mode I, pure mode II. pure mode III, combined mode 1 and II, combined mode I and III,
and combined mode II and III cases. Note that the radial extents of the plastic zones as
functions of 0 for the three cases vary smoothly due to the presence of mode III loading.
These features are different from those that develop under pure in-plane loadings but are
similar to those for the corresponding combined mode 1 and III. and combined mode II
and III cases.

6. DISCUSSIONS AND CONCLUSIONS

As previously discussed. the in-plane and out-of-plane shear stress and strain fields are
coupled through the effective stress. In general, this coupling is rather complex and the
stresses for both in-plane and out-of-plane shear modes do not conform to a separable
form over distances to the tip which arc physically reasonable. However, when either one
of the in-plane or out-of-plane shear modes is dominant. the perturbation analysis based
on separable stress functions (Pan. 1990) does correctly predict the asymptotic behavior of
the full-field solutions (Pan and Shih. 1990a. b). When the contributions of in-plane and
out-of-plane shear modes are comparable. no separable asymptotic in-plane and out-of-
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plane shear stresses are expected except that both in-plane stresses and out-of-plane shear
stresses can have the same r II" +- II singularity. Conse4uently, we do not expect to find the
same asymptotic behavior for either the in-plane stresses or the out-of-plane shear stresses
at all angles at every mode mixity.

It is an accepteu procedure to define mode mixities in terms of the ratios of the in­
plane opening stress. in-plane shear stress and the out-of-plane shear stress ahead of the
crack. This is the reason for displaying the radial dependencies of the stresses ahead of the
tip in Figs 3-5. However these stresses do not proviJe relative measures of the in-plane
versus out-of-phlne shear modes when the fields ,dong IJ ¥- 0 are examined. To carry out
comp,lrisons of lie Ids at different angles, it is helpful to use consistent stress quantities
representing the out-of-plane and in-plane shear. Consistent stress measures can be derived
by considering the effective stress which is an invariant of the deviatoric stress. The effective
stress in the cylindrical coordinate system, (J"c, is defined as

(30)

As in tht: perturbation analysis. we can define an c11ective out-of-plane shear stress Tc as

(31 )
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Note that Te is an invariant for any coordinate systems rotating with respect to the out-of­
plane axis. Then another invariant for these coordinate system rotations can be defined as

(32)

When the elastic strain is small compared to the plastic strain and can be neglected. eqn
(32) reduces to

(33)

according to plastic incompressibility. By virtue of (33) Se may be interpreted as an effective
in-plane shear stress. Therefore Se defined in eqn (33) can be regarded as the effective in­
plane shear stress. Making use or (31) and (32) we have

(34)

The etfective out-or-plane plastic shear strain C'e and the effective in-plane plastic shear
strain f:,c can be detined as

(35)

Note that

(36)

where I:e represents the etlcdive plastic shear strain. Now it is clear from eqn (35) that the
ratio l~/Se also represents the ratio of the ellcctive plastic shear strains. L,e/t:,e' Therefore
the ratio 7~/Se or parameters based on Te/Secan serve to characterize the relative strength
of the out-of-plane and in-plane plastic shear for this class of problems. Now we will show
that the singularity behaviors of these etlcetive stresses along angles (0 = _9° and 45"') arc
consistent for the cases examined in this paper.

In Figs lOa, b. the normalized etlcctive stresses for Case I arc shown as functions of
the normalized radial distance to the tip in a log-log scale for 0 = - 9' and 45". respectively.
We present results for 11 = 10 because the low hardening brings out the plasticity elfect
more vividly. In these plots. the radial distances are normalized by the plastic zone extents
at the corresponding angles. The hydrostatic stress lTh is also plotted to show its singular
behavior. In Fig. 10. the general trends of these effective stresses and the hydrostatic stresses
relative to the HRR singularity at ditferent angles arc consistent: the effective out-of-plane
shear stresses have weaker singularities whereas the effective in-plane shear stresses have
stronger singularities. the c.:tfective stresses have weaker singularities, and the hydrostatic
stn:sses have stronger singularities when compared to the HRR singularity. Note that a
field having an HRR singularity exhibits a zero slope in these log-log plots. Upon closer
examination we note these effective stresses and the hydrostatic stresses do not have exactly
the same slopes at dil1crent angles. But the general trends of the singularity behaviors at
dillcrent angles arc consistent. It may be recalled that no consistent trends could be discerned
by studying the stress distributions in Fig. 3 where the dominant effect of mode I complicates
the stress patterns that develop under Case I loading.

For Case 2. the in-plane and out-of-plane shear stresses appear to level off approaching
the HRR singularity as r/rp decreases. as shown in Fig. 4. However, a distinctly different
pattern emerges in Figs Ila, b. Here the radial variation of the effective stresses and
hydrostatic stress pertaining to Case 2 for n = 10 at 0 = - 9' and 45' are shown. The
effective out-or-plane shear stresses have stronger singularity, the effective in-plane shear



2812 J. P,,:-; and C. F. SHIH

0.$ ,..---------------------.

t.
(a)

n·10

-t.----__
0.0

-O.S

-1.:)
-6 -4 -2

109(1'/1'p }

o 2

0.5

...
c

---St ----
-0.5

-1.0

n·10

(b)

-1.5
-6 -4 -2

/og(1'/1' p )

o 2

Fig. 10. Case 1 ("'.f~, = O.ll). MO,I = 0.49 amI Mi I = 0.16): the normalized effective stress Bo' the
normalized etfectivc in-plane Shellf slress So, Ihe normalized ctfeclive out·or-plane shear stress T,.
and the normalized hydrostalic strcss Bh for f1 '" to as functions of rjrp plollcd in a log-log scale at

(a) 0 = -9', and (b) 0 = 45'.

stresses have weaker singularity, and the hydrostatic stresses have stronger singularity when
compared to the HRR singularity. The dominant hydrostatic stress gives the in-plane
stresses ahead of the tip with the singularities slightly stronger than the H RR singularity.
Strictly speaking, we should regard Case 2 as an out-of-plane shear dominant case under
this shear-based plasticity approach. For Case 3 where mode II is dominant, the trend of
the singularity behavior of all the effective stresses and the hydrostatic stresses at different
angles are the same as those of Case 2. In the interest of space, we do not show the results
for Case 3 here. When the mode mixities arc detlned in the conventional way by the ratios
of the in-plane opening stress, in-plane shear stress and out-of-plane shear stress as in eqns
(5)-(7), both Cases 2 and 3 can be regarded as in-plane mode dominant cases as r/rp

decreases asymptotically to zero. However, from the shear-based plasticity viewpoint. both
Cases 2 and 3 should be regarded as out-of-plane she<lr dominant cases.

In summary, we have obt<tined asymptotic solutions of combined mode I and II crack­
tip tlclds perturbed from mode III for cracks in power-law hardening materials. Our
solutions indicate that the perturbed combined mode I and II crack-tip fields of certain
mode mixities can have the HRR singularity. Our small-scale yielding results show that
deep within the plastic zone, under ncar mode I mixed-mode loadings, the in-plane stresses
can be said to be slightly more singular than r 1 In, 11 while the out-of-phwe shear stresses
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are slightly less singular than r- II.+ I). and the plastic mixity factors M~2 and M~) increase
as fir" decreases. The results also demonstrate that the singularities of the in-plane stresses
and the out-of-plane shear stresses vary smoothly with mode mixity. Finally. the effective
in-plane shear stress and the effective out-of-plane shear stress have been introduced to
characterize and quantify the in-plane and out-of-plane shear in a consistent manner for
this class of problems.
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